Abstract. Let E(A ) denote the shift-invariant space associated with a countable family A of functions in L 2 (H n ) with mutually orthogonal generators, where H n denotes the Heisenberg group. The characterizations for the collection E(A ) to be orthonormal, Bessel sequence, Parseval frame and so on are obtained in terms of the group Fourier transform of the Heisenberg group. These results are derived using such type of results which were proved for twisted shift-invariant spaces and characterized in terms of Weyl transform. In the last section of the paper, some results on oblique dual of the left translates of a single function ϕ is discussed in the context of principal shift-invariant space V (ϕ).
Introduction
Let L be a discrete subgroup of the Heisenberg group H n such that H n /L is compact. In other words, L is a lattice in H n . For ϕ ∈ L 2 (H n ), the principal shift-invariant space, denoted by V (ϕ), is defined to be span{L l ϕ : l ∈ L }, where L l ϕ(X) = ϕ(l −1 .X), X ∈ H n . Without loss of generality and to avoid complexity in proofs, we shall work with the standard lattice L = {(2k, l, m) : k, l ∈ Z n , m ∈ Z}. Let A = {ϕ j : j ∈ N} be a countable family of functions in L 2 (H n ) such that V (ϕ i ) is orthogonal to V (ϕ j ) whenever i = j. Let E(A ) denote the collection {L (2k,l,m) ϕ j : (k, l, m) ∈ Z 2n+1 , j ∈ N}. We shall denote span of E(A ) by U(A ) and span E(A ) by V (A ).
The aim of this paper is to obtain characterizations for the collection E(A ) to be an orthonormal system, Bessel sequence, Parseval frame and so on in terms of the group Fourier transform on the Heisenberg group. The proofs of these results are obtained by using such type of results which were proved for twisted shift-invariant spaces and characterized in terms of the kernel of the Weyl transform. We refer to [10] of the authors in this connection. As in [3] , we introduce a map T from L 2 (H n ) into L 2 ((0, 1], ℓ 2 (Z, B 2 )), using the group Fourier transform on H n , which turns out to be an isometric isomorphism. Using this map T , we prove that E(A ) is an orthonormal system in L 2 (H n ) iff {T ϕ j (λ) : j ∈ N} is an orthonormal system in ℓ 2 (Z, B 2 )) for a.e. λ ∈ (0, 1] and each ϕ j satisfies an additional condition, which we call "condition C". We also obtain similar type of characterizations for the collection E(A ) to be Bessel sequence, Parseval frame and so on.
In the last part of this paper, we study in detail on frames for the principal shiftinvariant space V (ϕ). Given two Bessel sequences {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 } and {L (2k,l,m)φ : (k, l, m) ∈ Z 2n+1 }, we provide a necessary and sufficient condition on the generators ϕ andφ such that {L (2k,l,m)φ : (k, l, m) ∈ Z 2n+1 } is an oblique dual of {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 } under a certain additional assumption. We also show that if {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 } is a frame for V (ϕ), then there existsφ ∈ V (ϕ) such that
in terms of the range function were studied by Bownik in [3] . The results in this paper were generalized to locally compact abelian group by Cabrelli and Paternostro in [4] . Shift-invariant spaces on locally compact abelian groups were also independently studied by Gol and Tousi in [8] . Radha and Kumar studied shift-invariant spaces for a compact non-abelian group in [11] . The concept of the bracket map has been generalized in [2] to include non-abelian discrete group Γ using its unitary representations and L 1 space over the non commutative measurable space vNa(Γ), which is the compact dual of Γ whose underlying space is a group von Neumann algebra. Using this bracket map characterizations of orthonormal basis, Riesz basis, frames were obtained for shiftinvariant spaces in a Hilbert space H given by the action of a non-abelian countable discrete group Γ. In [9] , Luef provided a connection between the construction of projections in non-commutative tori and the construction of tight Gabor frames for L 2 (R).
In [6] , shift-invariant spaces are characterized in terms of the range function for SI/Z type groups. These are simply connected Lie groups having unitary irreducible representations that are square-integrable modulo the center. Using the range function T , they obtain characterizations for E(A ) to be frame, Riesz basis in the following sense. They show that E(A ) is a frame iff {T (L k ϕ)(σ) : ϕ ∈ A , k ∈ Γ 1 } is a frame for J(σ) a.e. σ ∈ T n , where T is a range function. This problem is different from that of [3] , where Bownik considered the group R n and showed that E(A ) is a frame iff {T ϕ(x) : ϕ ∈ A } is a frame for J(x) a.e. x ∈ T n . In this paper, we also wish to consider a similar type of problem as in [3] in the case of Heisenberg group. We obtain the results with an additional assumption on A = {ϕ j : j ∈ N} that V (ϕ i ) is orthogonal to V (ϕ j ) whenever i = j. We want to emphasize that the technicality used in the proofs of our theorems are different from that of [3] as well as [6] .
We also would like to mention here that, when A = {ϕ}, our result for E(A ) to be an orthonormal system is similar to that of [1] proved for the polarized Heisenberg group. But our approach and proofs are totally different from that of [1] . We make use of explicit computations using the Weyl transform, twisted shift-invariant spaces and periodization associated with projective representation of C n instead of looking into integer periodization in the unitary dual of the group which corresponds to the central variable as in [1] .
The Heisenberg group H n is a simple example of a non-abelian, non-compact group. It is a nilpotent Lie group whose underlying manifold is C n × R, where the group operation is defined by (z, t).(w, s) = (z + w, t + s + 1 2 Imz.w) and the Haar measure is the Lebesgue measure dzdt on C n × R. By Stone-von Neumann theorem, every infinite dimensional irreducible unitary representation on the Heisenberg group is unitarily equivalent to the representation π λ , λ ∈ R ⋆ , where π λ is defined by
2πiλ(x.ξ+ 1 2 x.y) ϕ(ξ + y),
. The group Fourier transform on H n is defined to be
Further, the group Fourier transform is an isometric isomorphism of
which is known as the Plancherel formula for the group Fourier transform on H n .
Define f λ (z) = R f (z, t)e 2πiλt dt to be the inverse Fourier transform of f in the t-
Hence it becomes natural to consider the operator of the form
can be explicitly written as
Further L 1 (H n ) turns out to be a non-commutative Banach algebra under convolution. The λ-twisted convolution of F, G ∈ L 1 (C n ) is defined to be
We refer to Thangavelu [12] for further details on H n . We organize the paper as follows. In section 2, we list properties of λ-twisted translations and introduce the map T . In section 3, we obtain characterization of orthonormality of E(A ) in terms of the collection {T ϕ j (λ) : j ∈ N} for a.e. λ ∈ (0, 1]. In section 4, we prove that if E(A ) is a Bessel sequence then {T ϕ j (λ) : j ∈ N} is a Bessel sequence for a.e. λ ∈ (0, 1] with the same bound. However, the converse becomes true with an additional condition "condition C", given in Definition 3.1. In section 5, we prove that E(A ) is a Parseval frame if and only if {T ϕ j (λ) : j ∈ N} is a Parseval frame for a.e. λ ∈ (0, 1] under condition C. We also mention similar characterization for E(A ) to be a frame and Riesz basis. Also we obtain a decomposition theorem for a shift invariant space V in L 2 (H n ). In section 6, we focus on principal shift-invariant space V (ϕ) and obtain certain additional results.
Preliminaries
Let H be a separable Hilbert space.
In particular, if
Then S is called a frame operator, which is bounded, invertible, self-adjoint and positive. Further,
also a frame for H and is called the canonical dual frame of {f
Definition 2.4. A Riesz basis for H is a family of the form {Ue k : k ∈ Z}, where {e k : k ∈ Z} is an orthonormal basis for H and U : H −→ H is a bounded invertible operator. Equivalently, a Riesz basis is a sequence {f k : k ∈ Z} which is complete in H and there exit constants A, B > 0 such that for every finite sequence of complex numbers {c k }, one has
For a detailed study of frames, we refer to [5] and [7] .
In this section, we shall study orthonormality of E(A ) in L 2 (H n ). In fact we show that orthonormality of E(A ) implies orthonormality of {T ϕ j (λ) : j ∈ N} in ℓ 2 (Z, B 2 ) for a.e. λ ∈ (0, 1]. But for the converse, orthonormality of {T ϕ j (λ) : j ∈ N} for a.e. λ ∈ (0, 1] together with certain additional condition (Definition 3.1) implies the orthonormality of E(A ). We also show that the additional condition can not be dropped. (See Example 3.1).
Using the kernel of W λ (ϕ λ ), for ϕ ∈ L 2 (H n ), we introduce the following function. For each k, l ∈ Z n , we define
Now, we shall prove the following result. In order to prove this theorem, we prove the following Lemmas.
Combining Lemma 3.1, Lemma 3.2 and Lemma 3.3, we get Theorem 3.1. Now, we shall proceed towards proving our main result.
Lemma 3.4. For ϕ i , ϕ j ∈ A with i = j and k 1 , k 2 , l 1 , l 2 ∈ Z n , one has the following identity.
In particular, when 
Using this bracket map, the statement of Theorem 3.1 can be rephrased as follows:
If
In this connection we refer to [1] , wherein a similar result is proved for the polarized Heisenberg group H n . We wish to emphasize that the proof given in this paper is totally different from the proof given in [1] . 
Condition C is weaker than the orthonormality of {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 }. We shall illustrate this with an example. Proof. Let E(A ) be a Bessel sequence in L 2 (H n ) with bound B. Then
using Parseval's formula for the Fourier coefficient with respect to the m variable. Thus
Hence it follows from (4.1) that
|λ + r| n dλ.
Now, our claim is to show that for a.e. λ ∈ (0, 1],
If it were not true, then there would exists some j 0 ∈ N such that M = {λ ∈ (0, 1] :
|λ + r| n > B} has strictly positive measure. Let g(λ) = χ M (λ) on (0,1]and extend g on R by defining g(λ) = g(λ + 1) for all λ ∈ R. Then there exists
which is a contradiction to (4.2) . This shows that M has measure zero, from which our claim (4.3) follows. Now let {c j : j ∈ N} be a finite sequence. It is enough to show that for a.e. λ ∈ (0, 1],
where F denotes a finite set. Now, from the definition of G ϕ j k,l , we have
using (3.1). Thus for a.e. λ ∈ (0, 1],
using (4.4) and (4.3). Hence {T ϕ j (λ) : j ∈ N} is a Bessel sequence in ℓ 2 (Z, B 2 ) with bound B for a.e. λ ∈ (0, 1].
Conversely, suppose {T ϕ j (λ) : j ∈ N} is a Bessel sequence in ℓ 2 (Z, B 2 ) with bound B for a.e. λ ∈ (0, 1]. This means
Then integrating (4.6) over [0,1], we get (4.2). This in turn will lead to (4.3), as discussed earlier. In order to prove our result, it is enough to show that
It can be easily shown that
.
(4.7)
Shift-invariant spaces with countably many mutually orthogonal generators on the Heisenberg group11
Now, consider
|λ + r| n dλ
Using (4.7) and (4.3), the first term on the right hand side of (4.8) becomes
The second term on the right hand side of (4.8) is
Here, since each ϕ j satisfies condition C, the first term is zero. Using Lemma 3.4, the second term becomes zero. Thus
proving that E(A ) is a Bessel sequence in L 2 (H n ) with bound B.
E(A ) as a Parseval frame
Assume that each ϕ j satisfies condition C. Consider f ∈ U(A ) i.e.,
Then we have the following proposition.
Definition 5.1. For {ϕ j : j ∈ N} ⊂ A and λ ∈ (0, 1], J(λ) is defined to be span{T ϕ j (λ) : j ∈ N}. 
This result helps us to obtain a decomposition theorem for a shift-invariant space
In addition, if all the ϕ α satisfy condition C, then there exists a family of functions
. Similarly, we get a characterization for E(A ) to be a frame for V (A ). 6. More on frames for V (ϕ)
In this section, we show that if ϕ ∈ L 2 (H n ) has compact support, then the system consisting of left translates of ϕ is a Bessel sequence and it is a non-redundant frame. Given two Bessel sequences {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 } and {L (2k,l,m)φ :
(k, l, m) ∈ Z 2n+1 }, we provide a necessary and sufficient condition on the generators ϕ andφ such that {L (2k,l,m)φ : (k, l, m) ∈ Z 2n+1 } is an oblique dual of {L (2k,l,m) ϕ :
(k, l, m) ∈ Z 2n+1 } under a certain additional assumption. If, in addition we assume that ϕ,φ have compact support, we obtain much simpler characterization for the collection {L (2k,l,m)φ : (k, l, m) ∈ Z 2n+1 } to be an oblique dual of {L (2k,l,m) ϕ :
(k, l, m) ∈ Z 2n+1 }. We also show that if {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 } is a frame for V (ϕ), then there existsφ ∈ L 2 (H n ) such that {L (2k,l,m)φ : (k, l, m) ∈ Z 2n+1 } is an oblique dual of {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 }. However, we are not able to show the uniqueness ofφ. (ii) {L (2k,l,m) ϕ : (k, l, m) ∈ Z 2n+1 } can not be an overcomplete frame sequence. (k, l, m) ∈ Z 2n+1 }.
